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A technique for generating optimal maneuvers for realistic thruster placements on rotating spacecraft in

formations is developed. The approach uses linear programming optimization to initialize a Hamilton–Jacobi–

Bellman optimization. The linear programming solution develops a fast and accurate solution for the discretized

problem; the subsequent Hamilton–Jacobi–Bellman optimization minimizes the true continuous cost (such as

formation fuel use).ASchurdecomposition and singular value decomposition are employed to enhance the speed and

robustness of the Hamilton–Jacobi–Bellman optimization. The resultant technique scales well with the number of

thruster switches and is generally applicable to spacecraft for which inertial frame dynamics are known over one or

more orbits. The approach is evaluated in simulation on a two-spacecraft cooperative inspectionmission. Analysis is

performed on a variety of potential strategies for choosing reference centers, stabilizing relative orbits, and

decreasing orbit separation distance, showing excellent performance in both solution accuracy and fuel use while

reducing computation time compared with traditional approaches.

Nomenclature

A��� = linear time-varying state dynamics matrix
a = orbit semimajor axis, km
a = quaternion rotation vector
ap = distance from gravitating body at perigee, km
B��� = linear time-varying input matrix
C = constant relating time and orbit angular velocity,

a
3
4�1 � e2�34��14

E = eccentric anomaly
e = orbit eccentricity
G�!���� = gravitational linear time-varying dynamics

function
h = base size of linear programming matrices, m �M
J ��� = relative drift function
JF = fuel cost for arbitrary thrust set, m=s
JF;u = fuel cost for orthonormal thrust set, m=s
K��� = block matrix representation of switch time

constraints
M = number of linear programming spline segments
m = number of available thrusters
@ = linear programming thrust activation vector
�@ = normalized @
�@ = matrix of linear programming activation elements
np = number of segments in a piecewise polynomial
np;i = number of on–off pairs for the ith thruster
nsp = total number of on–off thrust pairs
O = orbits required to complete a maneuver
P = relative parameterization elements for a single

spacecraft �p1; p2; . . . ; p6�, m
pPL, pCR = relative reference frame parameterization vector,

planar and cross-axis components
Q = vector representation of single-spacecraft thrust

effect, m=s2

Q = splined thrust approximation matrix
QS = linear programming thrust approximation matrix
Q, D = matrices produced by Schur decomposition
q = quaternion
R = spacecraft position in inertial reference frame, m
r = relative position of a spacecraft with respect to a

reference orbit
S = matrix of unit thrust directions, �s1 � � � sm�
T��� = rotation matrix from body to reference frames

t = time since reference perigee crossing, s

U, �, V = matrices produced by singular value
decomposition

u = vector thrust-to-mass ratio, m=s2

x = spacecraft state (position and velocity) in relative
reference frame, m or m=s

xip��� = relative position of ith spacecraft at true anomaly
�, m

z = spacecraft state in angular velocity-normalized
reference frame, m or m=s

���� = time-varying thrust activation vector (m elements)

� = threshold value to derive on–off thrusts from linear
programming solution, m=s2

� = residual vector for numerical optimization
� = set of on–off switch true anomalies
�i;j�, �i;j� = true anomalies of jth on–off thrust pair

for the ith thruster
� = reference-orbit true anomaly
�C = true anomaly at which formation elements are

defined, rad
� = Lagrange multiplier vector
� = gravitational parameter, m3=kg-s2

� = elevation angle for relative position
sphere, rad

� = thruster selection matrix for linear programming

% = separation distance for relative position sphere, m

���� = multiplier for orbit distance from focus, 1�
e cos �

���� = fundamental matrix solution for state dynamics
� = azimuth angle for relative position sphere, rad

���� = fundamental matrix solution for costate dynamics

���� = vector representation of switch true anomaly
constraints

!��� = spacecraft orbit angular rate
!n = orbit natural frequency

_ = derivative with respect to time
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Subscripts

ac = parameter relating to formation acquisition
st = parameter relating to formation stabilization

Superscripts

B = position or velocity in spacecraft body frame
N = position or velocity in inertially fixed reference

frame
R = position or velocity in relative reference frame
0 = derivative with respect to true anomaly
* = single spacecraft or formation optimal

I. Introduction

AUTONOMOUS satellite formations represent a means of
accomplishing advanced mission objectives while reducing

cost and extending mission life, and both NASA and the U.S.
Department ofDefense have shown interest in the continuing success
of this technology [1–4]. Missions range from Earth and deep space
science to space-based radar, and current defense research focuses on
on-orbit docking and inspection. However, several challenges facing
satellite clusters must be resolved, including fleet-wide communi-
cation, fault detection and tolerance issues, collision-avoidance
methods, and effective path planning and control in the presence of
disturbances. This paper focuses on the last of these concerns by
presenting a problem-solving methodology that can be applied to a
wide range of planning and control scenarios.

Planning and control are often partitioned into two distinct modes,
though the dynamics employed are typically similar, if not identical
[5]. Formation maneuvering is considered the moving of the cluster
of spacecraft from one desired formation to another. Formation
keeping is a mode in which the spacecraft are controlled to remain in
their current formation towithin a specified tolerance in the presence
of disturbances. Each of these problems must be fully understood
(and the systems properly integrated) if autonomous satellite for-
mations are to succeed in future missions. This paper addresses
formation keeping when attitude constraints are present, which is a
problem of particular relevance to inspection and docking missions
[6].

Both formation keeping and close formation maneuvering rely on
dynamics expressed in a linearized relative reference frame.A review
of both theoretical and practical solutions and applications for a
single spacecraft in this frame is given in [7,8]. However, higher-
order orbit descriptions [9,10] and alternative linearizations [11]
have also been used in some applications. One technique for con-
trolling motion in the relative frame is the convex optimization
approach developed by Tillerson et al. [5,12] in which the trajectory
is discretized with true anomaly and a linear programming (LP)
method is employed to generate an optimal trajectory; this dis-
cretization can be applied to both formation keeping and formation
maneuvering [13]. Because of constraints on the problem for-
mulation, however, the LP method can be computationally intensive
for long-term or highly constrained problems. Hamilton–Jacobi–
Bellman (HJB) optimality conditions have also been successfully
used to develop time- and fuel-optimal maneuvers in the relative
reference frame [13,14]. This method guarantees that necessary
conditions for optimality are satisfied and is most useful for solving
problems in the relative reference frame about eccentric orbits when
the optimization algorithm is initialized in the neighborhood of the
optimal solution.

Algorithms for formation maneuvering using either of these
methods have typically required the assumption that thrust can be
generated in any direction [15,16]. Planning methodologies with
attitude constraints have been developed for systems near Lagrange
points [17,18], where slower, symmetric dynamics can be used
advantageously. These techniques do not readily apply to the highly
eccentric orbits demanded by missions such as Magnetospheric
Multiscale [1]. One approach to circumventing this issue is to control
thruster pointing during the maneuver, which was recently explored

by Hall and Ross [19]. This method is largely intended for long-
duration, minimum-time maneuvers with constant thrust and does
not work well for spin-stabilized spacecraft or those in close
proximity.

Formation maneuvering with attitude dynamics is closely
associated with autonomous rendezvous and docking, which has a
long history in the literature [20–22]. Much work on these missions
has focused on vision systems, thruster control techniques, or mode
switching and power allotment [23–25]. Some control and planning
alternatives have also been explored that seek to limit fuel use in the
presence of path constraints, but body dynamics are simplified in the
interests of computability [26].

This paper explores a realistic formation-maneuvering problem in
which a spacecraft has multiple thrusters and undergoes attitude
variations that are dynamically significant and predictable during
maneuvering. For most small spacecraft, available thrust is confined
to specific directions and is subject to the kinematics of the space-
craft body. This paper develops a novel technique for forma-
tion maneuvering with attitude constraints by implementing a
mixed linear programming/Hamilton–Jacobi–Bellman optimization
scheme that uses a paired Schur decomposition and singular value
decomposition to generate near-optimal maneuvers in the relative
reference frame. This technique uses the benefits of both planning
methodologies: namely, the initializability of the LP method and the
optimality and scalability of the HJB method. The approach can be
applied to formations by including both spacecraft among the
constraints, and a variety of problems can be probed that maximize
mission life and effectiveness. The algorithm developed here is
parallelizable across a cluster and scalable to larger problems,
including those spanning multiple orbits. Unlike LP alone, the
computation time of the mixed LP-M/HJB algorithm is approxi-
mately constant for a large class of problems, and the solution is not
subject to discretization errors. Also, in contrast to the separate HJB
formulation, initialization is easier, such that a nearby solution that
best satisfies state and costate constraints will nearly always be
found, often in less time than using standard initializations of HJB.

Testing of this approach is performed on problems specific to the
requirements of a proposed inspection mission in which attitude
constraints are an important component. Sponsored by the U.S. Air
Force Research Laboratory, the Cornell University NanoSat (CU
Sat) project is a two-spacecraft inspectionmission that demands both
formation acquisition and long-term formation maintenance, as well
as a variety of on-orbit maneuvers [27]. The spacecraft are spin-
stabilized and typically operate within 50 m of one another.
Accessibility and testing of the technologies required for the com-
pletion of the CU Sat mission has been highly scrutinized in recent
literature [6,28], and CU Sat offers an opportunity to perform
on-orbit verification of several autonomous systems, including
formation-maneuvering algorithms.

The work is presented in three parts. Section II introduces the
formation-maneuvering problem with attitude constraints and
describes the dynamics necessary to generate near-optimal maneu-
vers in both HJB and LP formulations. Section III discusses both the
Hamilton–Jacobi–Bellman and linear programming techniques,
illustrating their application and advantages and disadvantages for
use on the problem at hand. This section then describes the mixed
formulation that can be used to solve problems in a way that takes
advantage of the best properties of each. In Sec. IV, the specifications
of the CU Sat mission are discussed. The combined technique is then
employed on a variety of examples that relate to this mission.

II. Problem Definition

Consider a spacecraft undergoing relativemotion with respect to a
reference orbit that is subject to the dynamics of a gravitational field.
Additionally, suppose this spacecraft has a finite number of thrusters
that arefixed on the spacecraft body but notwith respect to the inertial
frame. The purpose of this work is to efficiently determine a fuel-
optimal maneuvering strategy for moving this spacecraft between
two points in the relative reference frame.
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The need for attitude constraints is inherent in the notion of
thrusters whose positions are time-dependent. To solve this problem,
three elements must be considered: 1) gravitational dynamics of
the spacecraft in the relative reference frame, 2) rotational dynamics
of the body frame with respect to the relative reference frame, and
3) planning strategies typically using optimization tools. This paper
primarily focuses on the first and third of these elements while
assuming that the spacecraft undergoes a prescribed rotation.
However, the methods described are flexible enough to incorporate
any variety of time-dependent spacecraft motion. The addition of
torque effects by the thrusters on the spacecraft body rotation creates
a significantly more complex problem that the current formulation
can handle, but with an added computational expense.

A. Relative Dynamics

Determination of optimal planning maneuvers with attitude
constraints depends on a description of the spacecraft’s state in
proximity to a known elliptical reference orbit. The dynamics
governing a body in motion near such an orbit are given in [29–31].
Generally, the equations of motion for a satellite with thrust-to-mass
ratio u near a reference orbit that is in a general force field f�R� are
given by

�r��f�R�r � f0�R�
�
R � r
jRj

�
R� u (1)

whereR 2 R3	1 is the position of a reference satellite with respect to
the gravitational body and r 2 R3	1 is the relative position of the
spacecraft from this reference, such that jrj 
 jRj.

Transforming via the angular velocity of the reference orbit, the
relative dynamics can be linearized as a function of the reference-
orbit true anomaly � rather than time. Humi [31] introduces the
transformed coordinate z��� � � y1 v1 y2 v2 y3 v3 �T and
shows

z0��� �

0 1 0 0 0 0

0 0 0 2 0 0

0 0 0 1 0 0

0 �2 G�!���� 0 0 0

0 0 0 0 0 1

0 0 0 0 �1 0

2
66666666664

3
77777777775
z���

� !����32

0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1

2
66666666664

3
77777777775
u��� (2)

where

G�!���� � � d

dR

�
�

R���3
�
R���
!���2

and prime denotes differentiation with respect to true anomaly. This
is a linear system that can be written

z 0��� � A���z��� � B���u��� (3)

The solution to this linear system is

z ��� �������1��0�z��0� �����Q��0; �� (4)

Closed-form solutions for the fundamental matrix solution���� and
its inverse are as given byCarter [32]. The vectorQ��0; �� is the thrust
effect vector

Q ��0; �� �
Z
�

�0

��1���B���u d� (5)

and can be solved in closed-form as given by Zanon and Campbell
[13]. This solution is valid for eccentricities 0 � e < 1, though its
precision falls off as e! 1.

The system can be described in the relative reference frame by

x1��� �
p1

���� �
�

1

���� � 1

�
�ep2 cos �� p3 sin ��

� p4�2eJ �������� (6)

x2��� � p3 cos � � ep2 sin � � p4

�
e cos �

����2 � 2e2J ���
�

(7)

x3��� � p5

sin �

���� � p6

cos �

���� (8)

where ���� � 1� e cos � and

J ��� � sin �

���� � 3e�1 � e2��52
�
E

2
� 1

2
sinE cosE � e

3
sinE3

�
(9)

with E the eccentric anomaly. In angular velocity-weighted z
coordinates, where y � !���12x���, and using !��� � ����2=C2, this
can be written simply in terms of the fundamental matrix solution:

z ��� �����C�1

2
6666664

�ep2

�p3

p4 � ep3

p1

2
664

3
775

p6

p5

� �

3
7777775�����C�1 �pPL�

�pCR�

� �
(10)

The relative frame definition shows the effect of parameterp1, which
gives the planar center of the motion; the pair �p2; p3� defines the
boundaries of an ellipsewith approximate radius

�������������������������
p2
3 � �ep2�2

p
. The

cross-axis pair �p5; p6� defines displacements at apogee and perigee.
Figure 1 illustrates these formation parameter definitions in the
relative reference frame xR. A stable orbit is defined as one for which
z��� � z��� 2�� for all true anomalies �. For these orbits, the sixth
parameter p4, which defines the instability of the system, is
identically 0. For unstable orbits, p4 may take any value.

B. Satellite Rotations

The gravitational dynamics relative to a reference orbit outlined in
the previous section are sufficient to describe the state of the origin of
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Fig. 1 Conceptual definitions of the stable parameter set P as they

relate to relative reference true anomaly �.
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a body-axis coordinate frame, but they do not capture the motion of
the axes themselves. In particular, most optimal planners do not
account for spacecraft rotations that affect the magnitude and
direction of the thrust effects. Because these are bound to the internal
dynamics of the spacecraft, it is necessary to incorporate them into
the planning methodology.

Consider a spacecraft as shown in Fig. 2. The spacecraft position is
defined about a gravitational center as xN , or in proximity to a
reference orbit as xR. The spacecraft has m discrete thrusters with
maximum thrust-to-mass output umax that are located independently
of the relative reference axes and fixed in the body frame with
directions xB1�m; the body axes are further assumed to exhibit some
form of rotational motion with respect to the relative coordinate
frame, and this rotation is presumed to be known a priori. Practically,
this typically means that a separate controller is used to maintain a
specified attitude or rotation rate, which is a common occurrence. In
this case, the 3 	 1 thrust vector u��� is written as

u ��� � T���S���� (11)

where the 3 	mmatrix S is the body-frame direction of the applied
force from each thruster:

S � � s1 s2 . . . sm � (12)

The m 	 1 vector � then indicates that the thrust applied by each
thruster, bounded by �0; jumaxj�. The matrix T��� 2 R3	3 is a three-
axis rotation matrix defining the orientation of the spacecraft body
with respect to the linearized reference coordinate frame. If T is only
known as a function of time, the relation with true anomaly is found
through

!nt� E � e sinE (13)

cosE� cos �� e
1� e cos � sinE�

�������������
1 � e2
p

sin �

1� e cos � (14)

where!n is the reference-orbitmeanmotion or natural frequency, e is
the reference eccentricity, and E is the eccentric anomaly of the
reference orbit.

Because of the time-varying nature of the matrix T���, the thrust
integralQ in Eq. (4) cannot, in general, be computed in closed form.
However, as shown in [14], an approximation of the integrands can
be defined using a piecewise polynomial spline to approximate
the integrand of the thrust effect integral. Because polynomials are
readily integrated, a sufficiently good approximation to this inte-
grand yields a good approximation to the integral itself. For the
purposes of this discussion, ���� is assumed to be piecewise
constant, such that the unmultiplied spline integral becomes

Q ��j�; �j�� �
Z
�j�

�j�

��1���B���T��� d� (15)

This is a 6 	 3 matrix for which the actual thrust effect over some
interval ��1; �2� is found by

Q ��j�; �j�� �Q��j�; �j��S�j (16)

For T��� � I, which corresponds to axial thruster pointing, Q can
be found in closed form using the equations derived in [13].
Comparative studies of this closed-form result with those given by
spline approximations show that a piecewise polynomial using 256
intermediate points yields a solution accurate to ≲10�5 m in final
position error for planning on maneuvers traversing 100 m in one
orbit at eccentricities of e� 0:8. A complete discussion of the
properties of spline interpolations can be found in [33,34].

If the time-varying function ���� is taken to be piecewise constant
with np segments, the state equation can then be recast in a more
general form as

z ��� �������1��0�z��0� �����
Xnp
j�1

Q��j�; �j��S�j (17)

This corresponds to a series of thrust applications in which all
time dependencies are resolved in the spline integral Q. Further
specifying this as a set of switches performed by each thruster, the
state equation becomes

z ��� �������1��0�z��0� �����
Xm
i�1

Xnp;i
j�1

Q��i;j�; �i;j��si�i;j

(18)

where si is the ith column of S and gives the body-frame position of
the ith thruster. Note that np is potentially different for each thruster,
as each thruster switches independently of the others. The spline
integral Q can also be generated for any time-varying attitude over
any number of orbits.

III. Fuel-Optimal Planners with Attitude Constraints

Minimizing fuel cost is appropriate during both formation
maneuvering and formation keeping. The minimum fuel cost
function is generally given as

JF;u �
Z
�F

�0

ju���j!����1 d� (19)

with !��� relating the time and true anomaly differentials:

d t�

�����
a3

�

s
�1 � e2�32

2
d�� !����1 d� (20)

When multiple thrusters whose positions are not fixed in the relative
reference frame are available, this may not capture the desired cost
for a maneuver. The more general cost function considered here is

JF �
Z
�F

�0

j����j!����1 d� (21)

with ���� defined in Eq. (11). In the case in which no active thruster
generates a force along any axis that opposes that generated by any
other active thruster along that axis, Eq. (21) reduces to Eq. (19).

Solving for thrust profiles using this cost function allows several
solution approaches. Onemethod assumes a thrust profile and solves
using Hamilton–Jacobi–Bellman (HJB) optimality conditions. This
technique has the advantage of finding the locally optimal point
(and often a globally optimal point) if the optimization converges; it
also scales well with maneuver type, including variations in thruster
performance, eccentricity, number of spacecraft, and available thrust
[14]. The primary disadvantage ofHJB, however, is that a poor initial
guess will often lead to convergence to a point that is not globally
optimal; this becomes an issue for more complex maneuvers such as
those proposed here with attitude constraints. A second method for
solving minimum-fuel problems discretizes the temporal space and
solves for the thrust using an LP technique [12,35]. The LP method
easily incorporates inequality and equality constraints, and advances
in LP solvers have led to relatively speedy solution times for a large
class of problems. However, the method does not scale well
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Fig. 2 Relevant coordinate frames for the problem definition.
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computationally, particularly as more points are added to account for
maneuver length, eccentricity, and thruster performance or as the
number of available thrusters and spacecraft increases.

Proposed here is the development of a formation planning
methodology that integrates the HJB and LP solution techniques into
a more useful solver that retains most of the advantages of each, with
few of the disadvantages. The proposed mixed LP-M/HJB solution
approach scales better computationally than LP while retaining its
allowances for equality and inequality constraints. The proposed
mixed LP-M/HJB algorithm also retains the optimality guarantees of
HJBwhile providing an effective initialization. The remainder of this
section presents the LP and HJB planner solutions, followed by the
unique mixed LP-M/HJB planning methodology.

A. Hamilton–Jacobi–Bellman Optimization

Similar to the optimal planner developed by Zanon and Campbell
[14], the Hamilton–Jacobi–Bellman solutions considered here
assume bang–off–bang thrust, beginning at true anomaly �0 and
ending at true anomaly �F. This constraint also exists inherently in
many applications such as CU Sat, which uses pulsed-plasma
thrusters (PPTs) incapable of partial thrusting [36]. The optimal
Hamilton–Jacobi–Bellman method begins by augmenting the cost
function given in Eq. (21) with the dynamics and thrust definitions
using Lagrange multipliers:

JF �
Z
�

�j����j!����1 � �1���T �z0��� � A���z��� � B���u����

� �2���T �u��� � T���S������ d� (22)

Taking the variation with respect to both� andu yields the following
necessary conditions:

� T
2 ��� � �T1 ���B��� 8 � (23)

� 01��� � �AT����1��� 8 � (24)

� T
2 ���T���si ��!����1 8 �� f�
i;j�; �
i;j�g (25)

where i is the index of the switching thruster, �
i;j� represents the true
anomaly at which the jth segment of the ith thruster begins, and �
i;j�
is the true anomaly at which this segment ends. As before, si is the
body-frame direction vector associated with that thruster. Note that
the same conditionmust be satisfiedwhen the thruster turns on or off,
which means that these conditions are not sufficient for optimality.
However, Eq. (25) need not be satisfied at the endpoints �� f�0; �Fg
of the period in which the maneuver occurs. The series of switches
must also result in the desired final state from Eq. (18). Solving
Eqs. (23–25) for �1 and setting �� �1, this reduces to

� 0��� � �AT������� 8 � (26)

� T���B���T���jumax;ijsi ��!����1 8 �� f�
i;j�; �
i;j�g (27)

Solving Eq. (26), the value of ���� at any true anomaly is related to
the initial value of �0 by

� ��� �������1��0��0 (28)

with ���� and its inverse as given by Carter [32], and ���� 2 R6	1.
For a maneuver with

nsp �
Xm
i�1

np;i

switches, the switching relations from Eq. (27) can be written in
compact matrix form as

K��
1;1�; �
1;1�; . . . ; �
m;np;m�; �
m;np;m���0

����
1;1�; �
1;1�; . . . ; �
m;np;m�; �
m;np;m�� (29)

whereK is then an 2nsp 	 6matrix and� is a columnvector with 2nsp
elements. Each set of 2np;i block rows of this matrix relation is
associated with the switches for one thruster. The jth row of the ith
block of the matrix K is given by two rows:

Ki;j �
sTi T

T��
i;j��BT��
i;j���T��
i;j����T��0�
sTi T

T��
i;j��BT��
i;j���T��
i;j����T��0�

� �
jumax;ij (30)

Likewise, the jth element of� associated with the block belonging
to the ith thruster is the pair

� i;j � ��!��
i;j���1;�!��
i;j���1�T

If either �
i;j� � �0 or �
i;j� � �F, the corresponding row ofK may be

set to six zeros, along with the proper element of �.
For maneuvers that last less than one orbit in length and for which

T��� � I and nsp � 6 [14,37]. In general, however, nsp > 6, resulting
in an overdetermined system that must be solved numerically. The
solutions presented here use the Schur decomposition to find a
numerically stable value for the vector �0, then compute a singular
value decomposition to isolate the linearly independent rows and
ensure the costate equations are satisfied to desired precision.

For the remainder of this discussion, dependence of K and � on
the switch times�� f�
1;1�; . . . ; �
m;np;m�g is implied for the sake of

simplicity. premultiplying Eq. (29) by KT results in

KTK�0 � KT� (31)

Taking a Schur decomposition of the matrix KTK results in
orthonormal matrix Q 2 R6	6 and diagonal matrix D 2 R6	6 such
that

QDQT�0 � KT� (32)

This is similar to finding a pseudoinverse ofKTK, but the diagonalD
holds on the eigenvalues of the system. This is then inverted to solve
for �0:

� 0 �QD�1QTKT� (33)

This is useful for iterative solving of the costate equation for a �0

while satisfying the constraints, because, as shown by Hoffman and
Wielandt [38], if the matrixK varies by a small amount, the variation
in eigenvalues in D found through the Schur decomposition will be
bounded by kKk2. Even when the matrix D is nearly singular, this
limits the variations in the value of �0 for successive steps in an
iterative solver, allowing numerically stable calculation of a Jacobian
and Hessian.

The value determined for �0 [Eq. (33)] using a Schur factorization
can then be used to solve for the switch true anomalies in Eq. (29).
Performing a singular value decomposition on the left-hand side of
Eq. (29) yields

U�VT�0 �� (34)

where U 2 R2nsp	2nsp and V 2 R6	6 are orthonormal matrices and
� 2 R2nsp	6 holds the six singular values of thematrixK along its top
diagonal. Substituting the initial condition of the costate based on the
Schur decomposition, multiplying by UT, and collecting the terms
yields

�VTQD�1QTKT��UT� (35)

The matrixDmust be invertible in this equation. If it is not, the HJB
solution does not have six linearly independent relations, and the
vector �0 is much harder to determine or does not exist.

In an iterative solver, the objective is to satisfy Eq. (35) to within
numerical precision. The kth step of the iteration results in a residual
vector �k, such that
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k QkD

�1
k Q

T
kK

T
k � UT

k ��k � �k (36)

This formulation can be used in any optimization procedure in which
an input vector� is used to drive the residual vector �! 0. As long
asDk is invertible, the computed value of�0;k varies continuously for
small changes in the set of switch true anomalies �. This property
aids (but does not guarantee) convergence to the optimal true
anomaly set �
 in most off-the-shelf solvers.

B. Linear Programming Optimization

The optimal LP approach first discretizes the control input withM
segments over true anomalies f�1; �2; . . . ; �Mg. Stacking control
segments from m thrusters at each of theM true anomalies yields a
vector of length h�m �M. This is represented as

@ � ����1�T ���2�T � � � ���M�T �T 2 Rh	1 (37)

Assuming that each discrete segment is of temporal width �t, the
fuel cost function from Eq. (21) can be approximated as

JF � �T@�t (38)

where � 2 Rh	1 is a selection matrix between the m thrusters at all
time steps defined such that

� �i� 2 �0; 1� 8 i 2 �1; . . . ; h�

For each discrete segment in time, an associated thrust effect
integral Q��j�; �j�� can be calculated according to Eq. (15). To
accommodate nonaxial thrusters, this integral must be multiplied by
thematrixS to obtain the thrust that can be generated by each thruster
over the given interval. The total thrust effect is then given by
QS 2 R6	h as

QS � �Q��0; �1�S Q��1; �2�S . . . Q��M�1; �F�S � (39)

Because spacecraft typically operate with all thrusters capable of
equal output, each thruster is assumed to have the same maximum
available thrust, such that jumax;ij � jumaxj. The thruster vector is then
normalized as �@� @=jumaxj, and theLPoptimization problemcan be
cast as

min
�@
�T �@ (40)

subject to the constraints

QS
�@����F��1z��F� ����0��1z��0� (41)

Ih	h
�Ih	h

� �
�@ � 1h	1

0h	1

� �
(42)

The constraint in Eq. (41) requires the dynamics from Eq. (18), and
the constraint in Eq. (42) enforces the bounded piecewise-constant
nature of the thrusts.

As shorthand for comparison and use, the LPwithM discretization
points will be referred to as LP-M. The proposed LPmethod assumes
that the control thrusts are bounded rather than on–off thrust, such

that elements of �@may take any value in the closed interval from 0 to
1. Formulating the problem usingmixed-integer linear programming
allows enforcement of the on–off condition, but at the expense of
computation. For small thrust limits and long maneuver times, the
bounded LP provides a good approximation of the solution, and a
thresholding function can be used to ensure that thrusts are simply 0
or 1. This is appropriate here because the LP is used to provide an
initial guess for theHJB solver, which then refines the switch times to
provide a near-optimal thrust profile. Numerically, a typical choice is
to enforce the restriction:

�@i � 1 if @i > �
�@i � 0 otherwise

(43)

This construction is useful for converting thrusts obtained using the
LP technique into switch true anomalies that can be used as an
initialization for the mixed LP-M/HJB technique introduced in
Sec. III.B.

To summarize, an LP solution is found by discretizing the time
window into M segments, then stacking the thrust vector �

associated with each segment into the larger vector �@. The potential
thrust effect for each segment is given by the matrixQS . The LP then
solves the resultant problem with both constraints on the state
equality and the available thrust inequality. The final solution vector
is then thresholded to construct a feasible space of vectors in which
thrusters are either on or off. This provides a near-optimal solution to
the fuel-optimal on–off thruster problem, yielding accurate solutions
without requiring a high level of computation. This problem can be
solved identically over one or multiple orbits, though solution
precision declines as the number of orbits increases.

C. Integrated LP-M/HJB Algorithm Realization

Solving the HJB and LP problems can easily be accomplished by
encoding the problem into a compact form for use with standard
solving methods, such as those provided in MATLAB or other off-
the-shelf software. As noted, the computation time and memory of
the LP solver scales as the number of true anomaly pointsM and the
number of thrustersm increases. However, a variety of tools exist that
allow this problem to be solved for less memory-intensive scenarios
[39]. The HJB formulation, by contrast, can be solved using standard
gradient search algorithms or a more complex damped (Levenberg–
Marquardt) method, but only local optimality is guaranteed. To
ensure global optimality, a better initial guess is required. The goal of
a mixed LP-M/HJB algorithm is to incorporate the advantages of
both solution approaches (fast computation, readily available solu-
tion techniques, global optimality, and structured on–off solutions)
while minimizing the disadvantages (high memory bandwidth and
poor performance away from a good initial guess).

The mixed LP-M/HJB algorithm uses the LP technique to
construct an initial switch true anomaly set�0 that can be used in a
solver in conjunctionwith the state and costate constraints of theHJB
problem to generate an optimal solution. The set �0 gives the true
anomalies at which thrusters turn on or off, according to the LP

solution. This can be accomplished by restacking the vector �@ into an
m 	M� 2 matrix:

~@� �0m	1 �@�1:m� �@�m� 1:2m� � � � �@�h�m� 1:h� 0m	1 �
(44)

Defining a span of columns of ~@ from the k1 entry to the k2 entry as
~@k1:k2 , the difference across columns is

�~@ � ~@2:M�2 � ~@1:M�1 (45)

Thematrix�~@ 2 Rm	M�1. The columns of this differencematrix can
then be associated with the true anomalies f�0; . . . ; �Mg, and the

switching set�0 is given by the elements of�~@ as follows. The set

� 0 � f�1; . . . ; �mg (46)

where each subset �i contains the np;i pairs of switch true anomalies
for the ith thruster. The first element of the jth such pair, �i;j�,
corresponds to the true anomaly associated with the jth instance of 1

in the ith row of matrix �~@, and the second element corresponds to

the jth instance of �1 in the ith row of matrix�~@. It is important to

note that any nonzero elements in a row of�~@ always occur first as a
1, then as a �1.

The mixed LP-M/HJB algorithm for solving fuel-optimal maneu-
vers with attitude constraints is presented in Fig. 3; the algorithm is
shown with the typical problem parameters, indicating the flexibility
that exists in the choice of parameters to achieve a mission objective.
This algorithm solves the LP problem using a computationally
reasonable discretization M to obtain an initial guess for the HJB
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solution, which can then be readily calculated to produce near-
optimal thrust profiles very quickly.

User-defined variables that affect performance areM, the number
of discrete points to solve in theLP initialization; �, thevalue atwhich
an LP element is considered as a possible thrust point in the
HJB initialization; b, the number of iterations allowed for HJB
convergence; and 	t, the minimum step size allowed in the HJB
solver. This step size can be assigned to a value significantly smaller
than the discretization step, leading to a more precise on–off solution
than would otherwise be available, but also potentially leading to
longer convergence times.

D. Benchmark Comparisons of HJB, LP, and Mixed LP-M/HJB

To elucidate the differences between HJB, LP, and mixed LP-M/
HJB, as well as the benefits of the mixed LP-M/HJB algorithm, a
benchmark problem is defined and simulated. Notationally, the cost
associated with a particular method is referred to as JF���, where ��� is
the method in question. The error in the converted relative reference
frame associated with a solution is defined by

�jzp��F�j �

��������
1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

2
64

3
75zconverged��F�

��������

�

��������
1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

2
64

3
75zdesired��F�

��������
(47)

As noted previously, the general goal of the new algorithm is to
incorporate the scalability of the HJB algorithm with the robustness
of LP. A good initial guess for converging to a solution that satisfies
the HJB equations is generally difficult to obtain, but the LP can
provide a good starting point for almost all cases.

Figure 4 shows a comparison of the computation time and
performance for the LP and mixed LP-M/HJB solvers for a test case
of a maneuver in which the spacecraft is rotating at a constant rate of

2 rev=orbit about a reference orbit with perigee distance ap �
7079 km (altitude of 700 km) and eccentricity e� 0:4. The
spacecraft move from a 12 m radial separation to a 25 m radial
separation in one-half of an orbit. Performance can be evaluated in a
variety of ways. The left plot compares the computation time of the
converged solutions using only linear programming with those
obtained using the mixed LP-M/HJB. Each vertical line represents a
different value ofM, as indicated in the figure; the point on the right
projects the linear program discretization numberM, which requires
the same computation time as themixed technique to solve. The right
plot shows the converged precision with respect to the LP-4000/HJB
solution, with the projected point indicating the discretization M
required for the LP solution to match the precision of the mixed
solution. The arrows in the center show whether the extra com-
putation time used by themixed LP-M/HJB algorithm has resulted in
a solution with improved precision over LP alone. Upward slanting
lines indicate that the precision improves with respect to computa-
tion time, and downward slanting lines indicate that the precision
decreases for the same computation time. AsM increases past 40, the
mixed LP-M/HJB algorithm quickly obtains a solution that is more
precise than LP only for the same computation time. Likewise, asM
increases, the computation time for LP-M/HJB approaches that of
LP-M. This illustrates the ability of the mixed LP-M/HJB algorithm
to resolve solutions more quickly than LP for relatively small
discretization numberM.

It is notable that the improvements made by the mixed LP-M/HJB
algorithm are dependent on a good initialization obtained by the LP.
In Fig. 5, the scenario is evaluated over a range of eccentricities with
perigee distance ap � 7079 km, this time with LP initializations of
40, 200, 1000, and 4000. The upper plot shows that the LP technique
has difficulty resolving exact solutions for large eccentricities, and
the mixed LP-M/HJB solution outperforms LP alone in almost all
cases. Similarly, as eccentricity increases, for small M, LP fails to
approach a solution, which prevents the LP-M/HJB technique from
obtaining an initial guess; this leads to the failures indicated in the
figure. The lower plot illustrates how the final error associated with
the rounded LP-M solution compares with the error from the LP-M/
HJB solution: in all cases, themixedLP-M/HJB algorithm converges
to a normative pseudoposition ≲10�3, but for large e, the rounded
LP solution results in a significant errors �103. This shows that LP
has difficulty converging to the bang–off–bang solution structure,
achieving instead steadily worsening costs that rely on partial
thrusting.

IV. Applications to CU Sat

The Cornell University NanoSat project proposes to place two
spacecraft in nearby orbits for the purposes of inspection of one
another such that a three-dimensional image of each spacecraft can
be reconstructed on the ground [27]. This mission is a demonstration
of a variety of autonomous formation technologies, including auto-
nomous formation keeping and maneuvering. The spacecraft will

Initialize reference orbit parameters (a, e, µ)
Known: θ θ0, θF, desired final state z(  F)
Initialize relative orbit parameterization P (θ0) = [ p1 , ..., p 6]0
for each variation in final parameterization P (θF) = [ p1 , ..., p 6]F

Define spline integral over [θ 0, θF ] (Equation 15)
Solve LP:

Discretize span [θ0, θF ] into M segments
Construct and constraints (Equations 41 and 42)
Solve Equation 40 with constraints to find

Convert to on-off thrusts using tolerance ε (Equation 43)
Construct initial switching set 0 = {θ1,1− , θ , θ , θ1,1+ , · · · m,n p,m − m,n p,m+ }

(Equations 44-46)
Optimize using HJB Equations 18 and 29 near 0

Step to next possible final parameterization
end

Fig. 3 Pseudocode for the integrated LP-M/HJB for one spacecraft.
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Fig. 4 Comparison of computation time and precision for eccentricity e� 0:4 for the test case of 2 rev=orbit rotation rate and perigee distance

ap � 7079 km (altitude of 700 km).

ZANON AND CAMPBELL 301



reside in low Earth orbit, limiting altitude to a maximum of 1200 km
and eccentricity to e≲ 0:1. The spacecraft are spin-stabilized with a
spin rate of near 1�=s. Because of the demands of the problem,
accounting for thruster rotation is important for planning. Each
spacecraft is equipped with eight PPT thrusters capable of producing
60 �N and has a mass of approximately 21 kg.

During the mission, the two spacecraft separate in orbit and must
subsequently maneuver into a stable formation before maneuvering
again into a position to complete the inspection mission tasks. This
section of the paper considers several problems in which one or both
spacecraft complete a different maneuver; consideration is given to
both single-spacecraft and formation costs, as defined in this paper.
Themixed LP-M/HJB technique is applied to each of these problems
in order to solve for the near-optimal thrust profiles for the sample
maneuvers. Because the spacecraft are unlikely to significantly
change spin rates during or after maneuvering, each CU Sat space-
craft is assumed to maintain a spin rate of 1�=s through the use of its
attitude control system, which is designed to minimize deviations
from this nominal rate.

The initial conditions used for computation for all problems in this
section are given in the tables in Appendix A. All reconfigu-
rations considered here are performed during the time period
� 2 �0; �3�=2��, which allows for error correction in the last quarter
of the orbit and ensures that collision-avoidance measures can be
employed if necessary. Three simulations are presented. In the first
simulation, one spacecraft (leader) is taken as the reference center
and the other (follower) stabilizes its orbit with respect to the
reference, resulting in a leader–follower formation. The second
example demonstrates a maneuver in which the follower spacecraft
moves from leader–follower into a three-dimensional relative orbit
such that images can be taken. In the final simulation, a varying
reference center location is considered in the formation-maneuver
optimization, in which fuel-optimal maneuvers are generated for
both spacecraft, with evaluations of both single-spacecraft fuel cost
and formation fuel cost. For each example, M � 800 is used to
adequately capture the problem dynamics without significantly
increasing computation time.

A. Entering a Leader–Follower Formation

CU Sat’s design indicates that separation will occur normal to the
orbital plane; the dynamics of the problem suggest that the resulting
orbits will be unstable with respect to one another; i.e., the relative
path of either spacecraft with respect to the other will not repeat.
Before the primary inspection portion of the mission, the CU
Sat mission specifies that the spacecraft will move into a leader–
follower formation from an unstable formation caused by the initial
deployment. A two-stage process is proposed for this maneuver:
1) transiting the desired follower spacecraft into a stable relative orbit
(stabilization); and 2) transiting from this stable relative orbit into a
leader–follower formation (acquisition). This two-stage process is

appropriate because the instability achieved during separation will
make damping of the cross-axis motion before stabilization
exceedingly difficult, if not impossible. Initial conditions are chosen
to be representative of an orbit-normal separationwith a small (≲5%)
disturbance, and results presented in this paper are typical for such
disturbances.

Table 1 shows the initial conditions p���;0 for the unstable relative
orbit. Although only one set of initial conditions is shown, simu-
lations over a range of appropriate initial conditions by the authors
have yielded similar results. For the two-stage maneuver, there are
many degrees of freedom that could be optimized as part of the
stabilization portion of the problem. In this example, two parameters
are allowed to remain free and the others are constrained: formation-
centering parameter p1;st, which is required for any formation that
does not undergo relative rotation, and planar displacement param-
eter p3;st, which captures the relative displacement along the radial
direction. The coupling of p2;st and p3;st is not necessary, but it
simplifies the planar dynamics by damping the motion that is already
present, rather than drastically altering it. The stabilized cross-axis
parameters p5;st and p6;st are selected as the midpoint between the
unstable initial condition and the desired leader–follower state, such
that thrusts are preferentially selected to complete the primary
objective of stabilizing the planar orbit. It is important to note that in
this application neither the stabilization or acquisition stage can be
completed in a single orbit because of the limited available thrust.
Because of this limitation, a final free parameter considered here is
given by

O � �F;man � �0
2�

(48)

where �F;man is the first true anomaly after the maneuver is complete
such that

�F;manmod2�� �0 (49)

The quantity O defines the number of full orbits over which a stage
takes place. For this example,maneuvering during each orbit remains
constrained to � 2 �0; 3�=2� such that corrective thrusts can be
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Table 1 Parameters for stabilization and acquisitiona

Parameter Initial condition
�p���;0�

Stabilization
�p���;st�

Acquisition
�p���;ac�

p1 28.909 p1;st 12.5
p2 �45:252 45:252

3:5293
p3;st 0

p3 �3:5293 p3;st 0
p4 �0:90229 0 0
p5 501.24 501:24=2 0
p6 �207:62 �207:62=2 0

aReference orbit parameters �� 3:986012 	 10�5 km3=s2, a� 7078:931 km,
and e� 0:04.
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performed after each orbit; however, such a constraint is not
necessary.

It is then clear that the initial acquisition point (the start of the
second stage) is identical to thefinal stabilization point (the end of the
first stage), and each stagemay be completed over a subset of the total
O number of orbits:

O �Ost �Oac (50)

After the completion of any full orbit in which the final
parameterization is unstable, the parameterization must be
recalculated for true anomaly � 2 �0; 2�� to ensure that drift is
accounted for. Note that no such reparameterization is required for
full orbits that result in a stable parameterization, as stable param-
eterizations are invariant with true anomaly. The objective in this
section is to determine the optimal maneuvering strategy to
successfully (and safely) complete the two-stage scenario.

For this simulation, the desired final parameterization after both
stages places the spacecraft 13 m apart at true anomaly �� �; note
that this corresponds to p1 � 12:5. The optimization then probes the
allowed intermediate stage parameters �p1;st; p3;st� that minimize the
required fuel. It necessarily does not consider any value of p1;st or
p3;st that may endanger the spacecraft. In particular, the problem
formulation assumes that the spacecraft should not move within
10 m of one another at any point in their respective orbits or during
maneuvering, once stabilization has been achieved. By constraining
the parameters �p5;st; p6;st� to be those given in Table 1, and by further
constraining the centering parameter be in the range p1;0 � 28:5 �
p1;st � 12:5� p1;ac, this prevents the interspacecraft distance from
exceeding 10 m by constraining p3;st ≲ 1:75.

To understand the sensitivities associated with the stabilization
(first) stage alone, a multistage mission optimization is defined as

min
Ost

�
min

�p3;st ;p1;st�
JF;st

�
(51)

Figure 6 compares the fuel cost computed using Eq. (21) for the
stabilization stage over the allowed optimization parameter space
�p3;st; p1;st� for multistep maneuvers requiringOst 2 �17; 42�. Given
a defined Ost, the minimum cost occurs at the stabilization point
�p3;st; p1;st� � �p3;max; p1;0�. A global minimum fuel cost occurs for
Ost;min � 27. Preserving the formation center p1;0 simply minimizes
the energy required to change the orbit. Likewise, forcing an increase
in p3;st reduces the relative planar drift across successive orbits; this
allows successive maneuvers to better force p4;st ! 0 by reducing
orbit-to-orbit variations in this parameter. However, such variations
depend on the maneuver being sufficiently short, such that the drift
associated with the instability does not dominate the stabilization
thrust. Additionally, this scenario shows that changes to along-track
p1 are more costly than variations in radial p3, particularly when
performed in conjunction with stabilization near the minimum final
true anomaly.

The acquisition stage begins at the stabilization point and ends
with a leader–follower formation with p1;ac � 12:5 and pi;ac � 0 for
i 2 f2; . . . ; 6g; this parameterization results in the desired minimum
separation of 13 m between the spacecraft at true anomaly �� �.
This problem is cast similar to the prior example as the multistage
optimization of

min
Oac

�
min

�p1;st ;p3;st�
JF;ac

�
(52)

Figure 7 shows the fuel cost as a function of the stabilization
parameters �p1;st; p3;st� for four maneuver lengths (Oac 2
f16; 18; 20; 22g) for the acquisition stage. The minimum in this set
requires themost orbits to complete,withOac largely determining the
stage fuel use. However, as the allowed number of orbits increases,
the fuel cost of varying p3;st becomes a less important factor in
determining the minimum-fuel solution, a result of the longer
maneuver time allowing relative motion to be more slowly damped
for the same amount of fuel. For increasedOac, the absolute cost then
decreases significantly.

The leader–follower formation problem is now considered as an
optimization over both stages, stabilization and acquisition. This is
defined by

min
O
� min
�p1;st ;p3;st�

JF �; O�Ost �Oac (53)
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Figure 8 gives the minimum fuel cost over the range of allowed
optimization parameters for different maneuver lengthsO, separated
into the stabilization-stage length Ost and acquisition-stage length
Oac. Diagonal lines and open dots indicate fixed maneuver lengths
O�Ost �Oac. Theminimum cost for eachO is indicated by a solid
dot. For small O, the optimal strategy is to enforce as short a
stabilization stage as possible, as the fuel savings achieved by
slightly increasing Ost are significantly less than those achieved by
corresponding increases in Oac. For longer maneuver times O, this
strategy is supplanted by one in which the stabilization stage is
performed near its fuel-optimal number of orbits Ost while the
stabilization occupies the remaining allowed maneuver period.
These results also indicate that a longer maneuver time can result
in a significant fuel savings only if most of the additional orbits
are devoted to acquisition. The minimum for all orbit numbers
is achieved for stabilization parameterization �p1;st; p3;st��
�p1;0; 1:75�. This is a byproduct of the strong dependence of the
stabilization fuel cost and weak dependence of the acquisition fuel
cost on stabilization parameterization. In addition, although a larger
p3;st does provide for a smaller fuel cost, the resultant formation does
not provide adequate safety margins for spacecraft separation.

B. Initiating Relative Motion About Each Spacecraft: Single-

Spacecraft Maneuver

With the spacecraft established in a stable leader–follower
formation, the mission objectives can be achieved only through
additional maneuvering. In particular, the two spacecraft must take
up motions relative to each other in order to generate a useful set of
photographs for inspection.Again, the scenario considered herefixes
one spacecraft (leader) while allowing the other (follower) to move
into a stable relative orbit centered around the leader. Because the
maneuver is small, this transit can be performed in a single orbit.
The optimization must constrain p1 � 0 to create a centered orbit,
as required for inspection. To simplify this formation optimization
problem, two additional constraints are employed, as shown in
Table 2: a separation of 12 m is achieved at true anomaly �C � � and

_xR3 ��C� � 0. The desired final position then resides on a 12 m sphere
about the leader at the critical true anomaly �� �C. The choice of �C
in this case allows the spacecraft tomaneuver to the desired point as it
approaches apogee, where slow orbital dynamics will allow for
viewing and photographing over a range of true anomalies about
�� � with little variation in separation distance.

The final formation parameterization is now defined for the
optimization problem. Defining the vector connecting the leader to
the follower as �xR � xRfoll � xRlead, the constraint that the relative
distance between the spacecraft lie on a sphere is given by
k�xRk � %, where % is the separation distance. This condition
constrains the vector �xR to a sphere centered about the leader
spacecraft. Positions on this sphere can be defined in spherical
coordinates via an azimuthal angle � measured from the against-
track vector for the reference leader spacecraft, x̂R1 , and an elevation
angle � measured from a plane parallel to the plane containing unit
vectors x̂R1 and x̂R2 , in which the leader spacecraft resides, at height
xR3;lead. The Cartesian coordinate analogues for the elements of �xR

are

�xR1 � % cos� cos � (54)

�xR2 � % sin� cos � (55)

�xR3 � % sin � (56)

The optimization problem addressed by this example is then given
as

min
��;��

JF (57)

Figure 9 shows the cost tomaneuver to the set of possible final angles
�sph and �sph from a 13 m leader–follower formation at critical true
anomaly �C � � to a relative orbit in which the leader spacecraft
resides at the origin and the follower spacecraft has %� 12 m at
�C � �. The three-dimensional surface this creates is also shown.

This optimization problem results in cost contours with multiple
local minima. The global minimum occurs for a final parameter-
ization inwhich the spacecraft is at �sph � 8� and�sph � 0� at �� �C.
At this location, the cross-axis variation is small and the change in
parameter p3 is minimized. Because inclination changes are
generally costly, the low cost associatedwith limiting such cross-axis
motion is reasonable. The slight elevation associated with this
minimum is due to the thruster placements and body rotation; for a
nonrotating spacecraft with axial thrusters, the fuel cost would be
symmetric about �� 0. The maximum is for the spacecraft to
transition to �sph � 135� (approximately azimuthally normal to the
minimum) with a small cross-axis displacement. In this region, the
fuel required to increase p3 to meet the problem constraints is more
significant than the general cost increase associated with a variation
in cross-axis parameters. This example demonstrates the importance
for spacecraft designers to consider the possible effects of thruster
placements in addition to other factors during each phase of the
mission, and it illustrates how the theory developed in this paper can
be used in conjunction with the spacecraft design process tomotivate
both thruster placements and formation selection.

C. Initiating Two-Spacecraft Relative Motion

Because both spacecraft in the CU Sat formation are identical,
allowing one spacecraft to perform all maneuvers does not make
efficient use of the available resources. To reduce the burden on each
spacecraft, maneuvers should be considered in context of mission
objectives and mission lifetime, which typically require fuel expen-
diture from both spacecraft. This example considers the maneuver in
which the spacecraft move from leader–follower to a relative motion
about one another, similar to the example in Sec. IV.B, with
alternative formation centers.
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Fig. 8 Minimum fuel cost to perform both the stabilization and

acquisition stages of the maneuver to establish a leader–follower
formation as it varies with orbit numbers Ost and Oac.

Table 2 Constraint parameters for initiating

relative motion from a leader–follower formationa

Constraint
parameter

Leader–follower
�p���;lf�

Relative motion
�p���;sph�

p1 12.5 0
p4 0 0
�C � �
_xR3 0 0
� 0 �sph
� 0 �sph

aReference orbit parameters �� 3:986012 	 10�5 km3=s2,
a� 7078:931 km, and e� 0:04.
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The selection of a global formation center can have significant
effects on the use of resources in a cluster of spacecraft, including
fuel, computational effort, and communication bandwidth. The CU
Sat mission will use a carrier-phase differential Global Positioning
System (GPS) to determine relative position and velocity to milli-
meter accuracy [40]; thus, with the absolute orbital data from either
spacecraft with respect to the Earth, the formation center can be
defined anywhere along a line connecting the spacecraft. For large
formations, a complex scheme must often be used to determine the
formation center [41]. However, the CU Sat pair can take advantage
of the carrier-phase differential GPS capabilities and assign the
formation center between the two spacecraft at a fractional distance,
greatly simplifying the formation-center selection problem.

Similar to the single-spacecraft maneuver in the previous sub-
section, constraints of a 12 m separation at �C � � and _xR3 ��C� � 0
are imposed. An additional third constraint is added to this problem
that enforces that each spacecraft resides at the endpoint of a 12 m
line passing through the reference center at true anomaly �� �C.
This center is defined by the fraction v and positions in the inertial
frame as

R � vRfoll � �1 � v�Rlead (58)

This section examines the effect of varying v on the cost to the
spacecraft individually aswell as the cost to the formation as awhole.

The full optimization problem for the mission is given as

min
v

�
min
��;��

JF;lead�v; �; �� � JF;foll�v; �; ��
�

(59)

Themultistage optimization can then be extended to optimizing over
v, the formation-center location. In general, increasing v has little
effect on the location of the fuel-optimal final relative locations of the
spacecraft at true anomaly �� �. The optimal strategy always places
the follower spacecraft near azimuthal angle �� 0� and elevation
angle �� 8�. Slight variations appear in these values as v varies due
to the differences in rotations between the two spacecraft.

Although the angles describing the fuel-optimal parameterizations
of the two spacecraft with respect to one another do not vary
significantly with v, the value of that minimum does change, as
shown in the upper portion of Fig. 10. The formation fuel use for this
maneuver (defined as the sumof the fuel used by the two spacecraft in
completing the maneuver) achieves a minimum when the spacecraft
partition thework equally between one another, which leads to a fuel
savings of approximately 8% for the formation. This point is marked
with a star in the figure. It is notable, however, that the cost borne by
the leader spacecraft varies almost linearly with v; in situations in
which absolute fuel use or fraction of total fuel use by only one
member of the formation pair is the primary consideration, the
optimal maneuvering strategy for both formation members can be
quickly established. Similar fuel-saving results occur in the
formation-keeping problem if both spacecraft are tasked to transit
during the maneuvers. The method and results presented here will
allow suchflexibility to be used onCUSat-likemissions tomaximize
resource potential in achieving objectives.

V. Conclusions

A novel algorithm for solving general formation minimum-fuel
problems with attitude dynamics in a relative reference frame using
linear programming in conjunction with Hamilton–Jacobi–Bellman
optimality conditions has been presented. The method scales better
computationally thanLPwhile providing the solution guarantees of a
numerical HJB solution. The mixed LP-M/HJB algorithm can be
used to solve a variety of complex problems inwhichHJB constraints
are known but no initial guess is available. Because the method does
not rely on discretization of the dynamics, it efficiently uses memory
and processor time and scales well with important system param-
eters, such as eccentricity and number of orbits.

The mixed LP-M/HJB method is applied here to the particular
problem of a spacecraft formation that operates in a realistic space
environment with known attitude dynamics. These dynamics were
then used in conjunction with the combined LP-M/HJB algorithm to
solve several examples involving the Cornell University NanoSat
project. Optimal formation maneuvers have been generated for
modes that take the spacecraft from initial separation to stable
relative orbits and data-taking. Different formation centers were
also considered, including the cost to both the formation and the
individual spacecraft. Such information will be useful to CU Sat
operators and those designing missions with similar goals. It will
provide a single tool for prelaunch analysis of strategies in the
context of mission objectives and mission life, as well as for on-orbit
decision-making for achieving specific mission objectives.

Appendix A: Simulation Data

Initial conditions for the CU Sat spacecraft for the example
simulations are provided in Table A1 as a reference. Separation
conditions are the values used at the instant of separation for an
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Table A1 Separation conditions for CU Sat example

Global �xN1 ; _xN1 ; xN2 ; _xN2 ; xN3 ; _xN3 �T Orbital elements �a; e; i; !;�; ��T

Spacecraft 1 (leader)

3:46869135464401 	 103 km 7078.93100 km
�6:52398592580395 km=s 0.04000000
4:75600512902940 	 103 km 42.3000000�

2:37242325309425 km=s 14.0000000�

3:43551261223094 	 103 km 26.0000000�

3:53075327556610 km=s 22.5000000�

Spacecraft 2 (follower)

3:46869135464401 	 103 km 7078.93342 km
�6:52388735457831 km=s 0.04000051
4:75600512902940 	 103 km 42.3029145�

2:37203625321527 km=s 14.0048943�

3:43551261223094 	 103 km 25.9957822�

3:53119812624019 km=s 22.5005979�
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impulsive change in velocity; the positions of the spacecraft are
identical. Thruster positions for the two spacecraft are as shown in
Table A2. Rotation occurs in the quaternion sense about a different
vector for each spacecraft. For quaternion

q � �sin�
=2�a; cos�
=2��T

where 
 is the angle of rotation about the vector a,

a s=c;1 �
0:2575
0:0536
0:9648

0
@

1
A; as=c;2 �

0:0990
0:0990
0:9901

0
@

1
A (A1)
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